In conventional deformation analysis of geomaterials, the infinitesimal and the finite deformation theories have been widely used. These theories have been successfully implemented in several numerical methods, such as finite element method (FEM). As a result, it is now possible to predict a wide variety of deformation behaviors of geomaterials. However, when dealing with large deformation problems using the framework of the FEM, excess distortion of the FEM mesh may lead to instability of the calculation.
Introduction
Infinitesimal and finite deformation theories are used widely in the conventional deformation analysis of geomaterials in geotechnical engineering. These theories have been implemented successfully in several numerical methods, such as the finite element method (FEM). The effects of pore water pressure have also been introduced into constitutive models. As a result, it is now possible to predict a variety of geomaterial deformation behaviors. However, there are still difficulties in large deformation analysis that make it difficult to solve the entire deformation process, from the initial state to subsequent large deformations. In conventional methods such as the FEM, numerical instabilities arise in the large deformation region due to mesh distortion. From an engineering perspective, large deformation problems include important issues such as slope failure and the lateral flow of liquefied ground. To solve such problems, various numerical approaches have been proposed, including Eulerian computational fluid dynamics (CFD) modeling and discrete modeling (e.g., the discrete element method (DEM) of Cundall and Strack, 1979) . In fluid dynamics modeling, it is not necessary to consider mesh deformation, because the mesh is fixed in space. However, we must assume that the geomaterials are a particular type of fluid (Moriguchi, 2005; Moriguchi et al., 2005) . This approach is effective for flow problems, but is difficult to use to solve static deformation problems. In addition, it is difficult to use constitutive models based on solid mechanics, because the approach cannot easily handle the stress/strain history of a material during deformation. Discrete modeling uses an assembly of discrete elements, and is inappropriate for dealing with constitutive models of geomaterials based on a continuum approximation.
As each numerical method offers advantages and disadvantages, by utilizing the advantages of each technique the initial small deformation and subsequent large deformations can be solved separately using different simulation tools.
It remains a challenge to solve the entire deformation process of a geomaterial continuously from the small strain region to the large deformation region. Very useful information (such as the failure zone, failure time, traveling distance, and impact force) that facilitates the design of structures and prevents disasters has been obtained by solving the entire deformation process.
This study developed a technique for solving the entire deformation process of a geomaterial continuously. As mentioned, in geotechnical engineering, advanced constitutive models based on continuum mechanics have already been introduced and improved. Therefore, if it is possible to use a single method to solve the entire deformation process in the framework of continuum mechanics, it will not be necessary to change the method for each problem. In addition, it will be possible to apply a flexible technique to various problems, and easily determine the mechanisms involved.
As a method to solve the entire deformation process, the mesh-free method can be considered to have an effective technique with the potential. The examples of mesh-free methods include the material point method (MPM) (Sulsky et al., 1995) , the smoothed particle hydrodynamics (SPH) method (Lucy, 1977; Gingold and Monaghan, 1977 Cuomo et al., 2013 ) and a seepage-deformation coupled analysis (Higo et al., 2010) .
The SPH method is based on a mesh-free Lagrangian scheme, and is a promising numerical method in geotechnical engineering as well as the MPM. The SPH method can solve large deformation problems without mesh distortion. Moreover, it can handle the governing equations and existing constitutive models of geomaterials, since it is based on continuum approximation. Therefore, this method can represent the entire deformation process of a geomaterial. The technique has already been used to solve many geotechnical problems, and a number of interesting achievements have been published (e.g., Maeda and Sakai, 2004; Bui, 2007; Pastor et al., 2009; Sakai, 2009; Manenti et al., 2012) .
Here, research examining slope stability and failure problems is introduced. Debris flows are simulated using the SPH method in a fluid model (Haddad et al., 2010) . The results indicate that this method is a powerful tool for flow problems. However, it is difficult to simulate the complex deformation behavior of geomaterials because it is assumed that the geomaterials are one-phase fluid. Elasto-plastic constitutive models have also been introduced into the method (Bui et al., 2011) . Slope stability has been simulated for homogenous and non-homogenous slopes and slopes considering groundwater. Comparing this method with the FEM and limit equilibrium method (LEM), the method gave results very similar to the FEM and LEM in terms of the safety factor and critical slip surface. From an engineering perspective, it is necessary to consider slope countermeasures or changes in the material parameters. In addition, the analytical accuracy of the SPH method was inferior to that of the other numerical methods. Therefore, it is necessary to validate its accuracy for geotechnical problems. This paper first summarizes the basic theory of the SPH method and formulates the SPH method based on solid mechanics. Then, the result of a simple calculation is shown to verify the accuracy of the first derivatives based on the theory of the SPH method. In addition, simple shear tests of both elastic and elasto-plastic materials are simulated and the results are compared with theoretical solutions. Then, a series of slope stability analyses for different heights and material parameters are carried out, together with analyses considering countermeasures. The numerical results obtained with the SPH method and the safety factors obtained with the Fellenius method are compared. Based on a series of validations and simulations, the effectiveness of the SPH method is discussed from the perspective of geotechnical engineering.
Numerical method

Basic theory of SPH
In the SPH method, an object is expressed as an assembly of particles. If the motions of the particles are solved individually, the deformation behavior of the continuum cannot be represented by this technique. To treat an object as a continuum, a unique interpolation theory is used. This interpolation theory includes both kernel and particle approximations. Using the kernel approximation, a bell-shaped distribution profile is estimated around a reference particle α.
The kernel approximations are based on neighboring particles β located at points x β within the support domain κ d h of a smoothing function W for the reference particle α, which is located at point x α , as shown in Fig. 1 . Here, κ d is a parameter that determines the radius of the support domain and is determined by the smoothing functions and h is the radius of the influence domain. The radius of the support domain is obtained by multiplying the radius of the influence domain h by the parameter κ d . κ d is a parameter that is inherent in the smoothing function W. The radius of the influence domain h is obtained by multiplying the initial interparticle distance r 0 by the parameter β h . In the first step of the interpolation, we define a smoothed physical quantity 〈f(x α )〉 for the physical quantity f (x α ) at the reference particle α as follows (Liu and Liu, 2003) :
where Ω is the volume of the integral that contains x α and x β and r is the distance between x α and x β . The smoothing function W satisfies the following three conditions.
(1) The normalization (unity) condition:
(2) The delta function property, which holds when the smoothing length approaches zero:
(3) The compactness condition:
where defines the nonzero area of the smoothing function.
In the second step of the interpolation, the physical quantity 〈f(x α )〉 for reference particle α is expressed as the sum of the distribution of the assumed physical quantities f(x β ) for each particle. Therefore, the physical quantity can be expressed in terms of N discrete points:
where dV β is the volume, m β is the mass, and ρ β is the density of the neighboring particles β. Eq. (1) is transformed via the above equation as follows (Liu and Liu, 2003) :
where W αβ is the smoothing function that expresses the contribution from the neighboring particles β to the reference particle α. In this study, cubic spline function (Swegle et al., 1994 ) is used as the smoothing function.
where α d is 2/h, 60/7πh 2 and 12/πh 3 in one-, two-, and threedimensional space, respectively, for the unity requirement.
Eq. (6) is the formula used to evaluate a physical quantity via the SPH method. It is also possible to approximate the spatial gradient of a physical quantity in a similar way, using the spatial derivative of the smoothing function (Liu and Liu, 2003) . The spatial derivative of Eq. (1) can be written as
Furthermore, this equation can be transformed (Swegle et al., 1994) as follows:
where ρ α is the density of the reference particle α. Based on the two-step interpolation procedure, it is possible to calculate any physical quantity and its special derivative.
SPH method for solid mechanics
The governing equations used in this study are based on solid mechanics. The equations of continuity and motion can be expressed as follows: where u i is the velocity vector, ρ is the density, σ ij is the stress tensor and F i is the external force vector. Applying the SPH interpolation theories to Eqs. (8) and (10), the equations are rewritten as
where C ij is the sum of the artificial viscosity term (Monaghan and Gingold, 1983 ) and the artificial stress term (Monaghan, 2000; Gray et al., 2001) :
where δ ij is Kronecker's delta, ∏ i is the artificial viscosity, R α ij and R β ij are the artificial stress tensors, f αβ is the repulsive force term and n AS is a constant. Using the results of Gray et al. (2001) , the parameter n AS can be set to 4. To introduce the artificial viscosity and artificial stress, the numerical instability and tensile instability are decreased (Swegle et al., 1995; Balsara, 1995; Dyka and Ingel, 1995; Dyka et al., 1997) . The tensile instability, specifically the instability of the solution for tension deformation, is one of the problems with the SPH method for solid mechanics.
In this study, geomaterials are modeled as elastic or elastoplastic materials. Many types of elasto-plastic constitutive model have been proposed. Here, three of these are used in the deformation analysis of geomaterials. The first is the Drucker-Prager model (Drucker and Prager, 1952) , in which the shear strength of geomaterials is expressed using the cohesion and internal friction angle. The second and third constitutive models are the original (Roscoe et al., 1963) and modified (Roscoe and Burland, 1968) Cam-clay models.
When the stress state of an elasto-plastic material is in a plastic state, it varies with the yield function. However, numerical errors can cause the stress state to exceed the yield function. Therefore, it is sometimes necessary to correct the stress state. This study adopts the two return mapping algorithms, proposed by Chen and Mizuno (1990) . Fig. 2(a) illustrates the tension cracking treatment. If the stress state exceeds the apex of the yield surface which corresponds to the following condition, we shift the hydrostatic stress component to the corresponding hydrostatic pressure at the apex by using the following equations:
where σ n ij and σ n ij are the stress tensors before and after correction, respectively. Fig. 2(b) illustrates the stress scale-back procedure. If the stress state exceeds the yield function which corresponds to the following condition, the deviatoric shear stress component is reduced proportionally by the scale factor R, while the hydrostatic stress component I 1 remains unchanged, in accordance with the following equation:
where σ nn ij is the stress tensor after correction, and R is the scale factor, given by
In this study, the Jaumann stress rate is used to consider the influence of the spin motion of a rigid body.
Validation of smoothing function
The accuracy of the SPH method is validated with the support domain radius κ d h. The analytical conditions for the Table 1 . Four cases are considered: Cases 1 and 2 have a coarse particle layout, and Cases 3 and 4 have a fine particle layout. Fig. 3 shows the cases with coarse and fine particle layouts, together with particles in the center or outer region selected for the validation. In these figures, 361 and 1444 particles are arrayed in a reticular pattern, and the physical quantity for each particle is specified by a twovariable function f¼ sinπxsinπy. Applying the SPH interpolation theories of Eq. (9), the values of the first derivative are calculated by varying the parameter β h determined the radius of the support domain. The values of the mass and the density are set equal to 1.0 for simplification. The validation criterion is an error for the first derivative in the x direction obtained from the analysis and theory, and is calculated as follows:
where X is the analytical solution, X a is the theoretical solution, and N is the number of particles selected. Fig. 4 shows the results obtained in Cases 1 through 4. Comparing the results at the center (Cases 1 and 3) and outer (Cases 2 and 4) regions, the error at the center region is consistently smaller than that of the outer region. This is caused by the relatively small number of neighboring particles in the support domain of the outer region, compared to the center region. Next, comparing the results at the outer region with coarse (Case 2) and fine (Case 4) layouts, the error of the fine layout is smaller than that of the coarse layout. In addition, comparing the results at the center region with coarse (Case 1) and fine (Case 3) layouts, both errors are small without reference to the resolution. In Cases 1 to 4, the SPH method seems incapable of correctly expressing the first derivative when the support domain is wide, since the first derivative is obtained from a wide range. In addition, if the radius of the support domain is too small, the error has a large value, due to the influence of the number of particles. Therefore, a support domain radius in the vicinity of 2.0 should be appropriate.
Numerical analysis
Simulation of a simple shear test of an elastic material
In the few studies that have reported the stress-strain relationship using the SPH method with a constitutive model of geomaterials, it is generally said that the analytical accuracy of the SPH method was inferior to that of other numerical methods. That is why it is necessary to validate the accuracy of the method.
A simple shear test of an elastic material is used to validate the method. This simulation considers two cases to investigate the effect of the Jaumann stress rate. By using the Jaumann stress rate, the influence of the spin motion of a rigid body can be considered. The calculated stress-strain relationships at the center and corner of the elastic specimen are compared with a theoretical solution. Fig. 5 illustrates the numerical model used in the simulation. As the figure indicates, the specimen is a square object (10 Â 10 cm). In the SPH method, numerical instabilities and errors tend to arise due to lack of calculation points. Therefore, this simulation uses a virtual area surrounding the specimen. The solid lines denote the initial configuration of the specimen, and the dashed lines denote the configuration after deformation. In the simulation, the virtual area is deformed forcibly with a constant displacement to represent simple shear conditions, and the deformation of the specimen is calculated. The parameters used in the simulation are summarized in Tables 2 and 3 . The velocities of the virtual area v x are calculated with the following equation:
where y is the y-coordinate of the particles. Under simple shear conditions for an elastic material, the theoretical solution can be expressed in terms of the relationship between the shear stress τ xy and shear strain γ xy , given by
where G is the shear modulus. This equation is the theoretical solution without the Jaumann stress rate. A theoretical solution with the Jaumann stress rate can be obtained by using the Cauchy stress concept (Gotou, 1986; Kuroda, 1991) .
Fig . 6 shows the calculated shear stress-shear strain relationships at the center and corner of the specimen. For comparison, the theoretical solutions are also described in this figure. The solid and dashed lines denote the theoretical solutions, and the plotted points indicate the results of the SPH method.
For the elastic material without the Jaumann stress rate, the calculation is stopped at over 500% of the shear strain due to numerical instability. However, the calculated result and theoretical solution are in good agreement at both the center and corner of the specimen at about 500% of the shear strain. On the other hand, for the elastic material with the Jaumann stress rate, the calculation continued beyond 500% of the shear strain. In addition, for the elastic material with the Jaumann stress rate, comparable results are obtained at the center and corner of the specimen at about 700% of the shear strain. This confirmed that the constitutive models work well in the framework of the SPH method.
Simulation of a simple shear test of an elasto-plastic material
A simple shear test of an elasto-plastic material is simulated using three types of constitutive model: the Drucker-Prager (Drucker and Prager, 1952) , Cam-clay (Roscoe et al., 1963) , Table 3 Material parameters (simple shear simulation of elastic material). and modified Cam-clay (Roscoe and Burland, 1968 ) models. The simulation described in the previous section confirmed that the boundary conditions are unaffected to a certain level of deformation when the virtual area is utilized. Therefore, the measurement point for stress and strain is at the center of the specimen. The calculated stress-strain relationships and stress paths are compared with theoretical solutions. The numerical conditions and numerical model corresponded with those of the simulation discussed in the previous section. The parameters used in the present simulation are summarized in Tables 4 and 5. As Table 5 indicates, three different cohesion values are used in the Drucker-Prager model (Case 1). In addition, three different values of the initial mean stress are used in the Cam-clay (Cases 2 and 3) and modified Cam-clay (Case 4) models. Cases 2 and 4 are used to simulate the normal consolidation state and Case 3 is used to simulate the overconsolidation state. This simulation does not consider the Jaumann stress rate because the deformation of specimen is small in comparison with the elastic analysis. In addition, the effect of pore water pressure is not considered. Figs. 7-11 show the calculated stress paths and shear stress-shear strain relationships, comparing the calculated results and theoretical solution. The solid and dashed lines denote the theoretical solutions, and the plotted points indicate the simulated results. For the calculated stress paths in Cases 2 to 4, the critical state lines obtained from the Cam-clay and modified Cam-clay models are also compared in the figures. In Cases 1 to 4, the stress paths and shear stress-shear strain relationships obtained with the SPH method are in good agreement with the theoretical solutions. Therefore, by introducing constitutive models of geomaterials, it is possible to represent the appropriate stress state with high accuracy.
Shear modulus
Slope stability analysis
The slope stability was analyzed and the numerical results are compared with the safety factors calculated using the Fellenius method, one of the classical limit equilibrium methods. We suppose there is no problem to use the Fellenius method, because the slope that was targeted in this simulation was simple shape and a homogeneous material. Also, the purpose of using Fellenius method is not to obtain an accurate safety factor but to obtain the tendency of the approximate safety factor. In this simulation, to match the analytical condition of the Fellenius method, the residual strength is set to the peak strength. Fig. 11 model. The slope is composed of a homogeneous material, and has a simple shape. The slope angle is 45 deg, and as the figure shows, the displacements at the top and toe of the slope are checked. Tables 6 and 7 list the parameters used in this simulation. As these tables indicate, two types of material are considered: cohesive (Case 1) and cohesive-frictional (Case 2) material. In addition, different values of the slope height (Case 1) and material parameters (Cases 2) are used. In this simulation, the Drucker-Prager model is used. For the boundary conditions, the horizontal direction at the side wall of the slope is fixed, and the vertical direction is free. The horizontal and vertical directions at the bottom of the embankment are fixed. Fixed boundary particles are used to describe the walls. The Jaumann stress rate is considered, but the effect of pore water pressure is not. In this simulation, the isotropic stress corresponding to static earth pressure is used as the initial stress, and then we apply the gravity loading to the slope in addition to the static earth pressure. Fig. 12 shows the distributions of the accumulated maximum shear strain γ max ¼ ε 1 À ε 2 ð Þ=2 À Á at different times in Case 1(5). Figs. 13 and 14 show the distributions of the accumulated maximum shear strain obtained in two cases. These figures show the results for 100 s after the displacement at the top of slope converged. The safety factors were calculated with the Fellenius method and the results are shown in the figure titles. As explained above, boundary particles are used for the walls, but are not shown in these figures. In addition, the white solid lines denote the circular arc of the minimum safety factor obtained with the Fellenius method. Fig. 15 shows the relationship between the safety factor and the value obtained by
at the top and toe of the slope by the height of the slope H.
With the cohesive material (Case 1), no shear zone appears and δ/H is less than 2% when the safety factor exceeds 1.0, while a shear zone develops when the safety factor is less than 1.0. When the safety factor is close to 0.9, shear strain is observed, although no large deformation is observed. Specifically, a crack formed at the crown of the slope and block slippage was confirmed in the cases with the smallest safety factors. For a cohesive-frictional material (Case 2), when the safety factor exceeds 1.0, a small shear zone can be seen and δ/H is less than 2%, but large deformation does not arise. Conversely, when the safety factor is less than 1.0, the development of shear zone is conspicuous and the slope is markedly deformed.
The results of the SPH and Fellenius methods showed similar tendencies. In addition, while only the safety factor can be obtained from conventional circular slippage calculations, the SPH method can evaluate not only the stability but also the deformation. An interesting effect of deformation can be seen in Case 1(3), in which the slope does not deform, although the safety factor is less than 1.0. According to the results of this simulation, the SPH method indicates a slightly more dangerous condition than the conventional circular slippage calculation. Fig. 14 confirms that marked deformation occurs with a safety factor of 0.9. Therefore, because the SPH method gives the same safety factor tendencies as obtained with the conventional circular slippage calculations, it is capable of predicting the deformation, and can consider the deformation of geomaterials. Therefore, the method can predict the deformation of geomaterials with greater accuracy at the boundary between safe and dangerous sides than the conventional circular slippage calculation. 
Slope stability analysis considering countermeasures
Additional slope stability analyses were carried out, considering the effects of soil removal and counterweight fill countermeasures. Fig. 16 illustrates the numerical model. The slope angle is 45 deg. As the figure shows, the displacements at the top and toe of the slope are checked. The parameters used in this simulation are listed in Tables 8 and 9 . As these tables indicate, both cohesive (Case 3) and cohesive-frictional (Case 4) materials are considered. To consider the effect of surface compaction, the internal friction angle of the counterweight fill material is set to 30 deg. The boundary conditions and initial stresses corresponded to those of the slope stability analysis discussed in the previous section.
Figs. 17 and 18 show the distributions of the accumulated maximum shear strain and the safety factors obtained with the Fellenius method. The figures indicate that the safety factors increased in the following order: no countermeasures, soil removal work, counterweight fill, and both soil removal work and counterweight fill. In addition, the white solid lines denote the circular arc of the minimum safety factor obtained with the Fellenius method. Fig. 19 shows the relationship between the safety factor and the value obtained by dividing the displace-
at the top and toe of the slope by the height of the slope H. For cohesive material with no countermeasures (Case 3(a)), the development of a shear zone is conspicuous and the slope deformed. In comparison, for the cases with cohesive material with countermeasures (Case 3(b) to (d)), the shear zone does not become more prominent and the displacements decrease as the safety factor increase. In addition, for cohesivefrictional material (Cases 4), the slope deformation is reduced. In the cases with soil removal work (Case 4(b)) and counterweight fill (Case 4(c)), the same safety factor is obtained using the conventional circular slippage calculations. In the SPH simulation, however, the deformation behavior is different. In the case with soil removal work (Case 4(b)), the development of a shear zone is conspicuous and the slope is deformed. By contrast, in the case with counterweight fill (Case 4(c)), the slope does not deform. The safety factor is obtained from the equilibrium of force without regard to the strain and the displacement in the circular 
Conclusions
The paper performed deformation analyses of geomaterials using the SPH method. The following conclusions were derived from the results.
• The SPH method was validated. The error for the center region was consistently smaller than that of the outer region. This was caused by the relatively small number of neighboring particles in the support domain of the outer region, compared to the center region. In addition, an appropriate support domain radius is about twice the initial interparticle distance.
• The simulation of a simple shear test demonstrated that it is possible to calculate the appropriate stress state of a geomaterial with a high degree of accuracy. In addition, the Jaumann stress rate was successfully introduced into the calculation.
• The SPH method was applied to slope stability analysis.
The results indicated that the method gave the same tendencies for the safety factor obtained from conventional circular slippage calculations, while simultaneously evaluating both the deformation and stability. In addition, large deformation behaviors of geomaterials were represented successfully. Moreover, on considering a slope stability analysis with countermeasures, it was inferred that the technique is capable of predicting the deformation and stability of slopes in complex situations, such as simulations that include countermeasures. Hence, a variety of useful information could be extracted from slope stability problems using this method.
